In this paper, we introduce the new concept of multivalued fuzzy contraction mappings in b-metric spaces and establish the existence of α-fuzzy fixed point theorems in b-metric spaces which can be utilized to derive Nadler's fixed point theorem in the framework of b-metric spaces. Moreover, we provide examples to support our main result.
Introduction
A study of fixed point for a multivalued (set-valued) mappings was originally initiated by von Neumann [25] . The development of geometric fixed point theory for multivalued mapping was initiated with the work of Nadler [24] . He combined the ideas of multivalued mapping and Lipschitz mapping and used the concept of Hausdorff metric to establish the multivalued contraction principle, usually referred as Nadler's contraction mapping principle. Several researches were conducted on the generalizations of the concept of Nadler's contraction mapping principle.
In 1981, Heilpern [20] obtained a fixed point theorem for fuzzy contraction mappings, which is a generalization of the fixed point theorem for multivalued mappings of Nadler's contraction principle. Subsequently, several authors generalized and studied the existence of fixed points and common fixed points of fuzzy mappings satisfying a contractive type condition (see [1, 2, 5, 6, 13, 18, 19, 21, 23, 26, 27, 28, 29, 32] ).
On the other hand, Czerwik [15] introduced the concept of b-metric spaces, as a generalization of metric spaces and proved the contraction mapping principle in b-metric spaces. Since then, a number of authors investigated fixed point theorems for single-valued and miltivalued mappings in b-metric spaces (see [3, 4, 7, 8, 9, 10, 11, 12, 14, 16, 17, 22, 31] and references therein).
To the best of our knowledge, there is no result so far concerning the existence of α-fuzzy fixed point for fuzzy contraction mappings in b-metric spaces. The object of this paper is to prove the existence of α-fuzzy fixed point theorems for fuzzy mappings in complete b-metric space and we also give illustrative examples to support our main results. Finally, we showed some relation of multivalued mappings and fuzzy mappings, which can be utilized to derive fixed point for multivalued mappings.
Preliminaries
The following notations of a b-metric space is given by Czerwik [15] (see also [7, 16, 17] ). Definition 2.1. Let X be a nonempty set and the functional d : X × X → [0, ∞) satisfies:
Then d is called a b-metric on X and a pair (X, d) is called a b-metric space with coefficient s.
Remark 2.2. If we take s = 1 in above definition then b-metric spaces turns into ordinary metric spaces. Hence, the class of b-metric spaces is larger than the class of metric spaces.
The following examples of b-metric on X was given in [7, 8, 9, 15, 16, 30] .
(where x = {x n }, y = {y n } ∈ l p (R)) is a b-metric space with coefficient s = 2 1 p > 1. Notice that the above result holds for the general case l p (X) with 0 < p < 1, where X is a Banach space.
Example 2.4. Let X be a set with the cardinal card(X) ≥ 3. Suppose that X = X 1 ∪ X 2 is a partition of X such that card(X 1 ) ≥ 2. Let s > 1 be arbitrary. Then, the functional d : X × X → [0, ∞) defined by:
for all x, y, z ∈ X. If m > 2, the ordinary triangle inequality does not hold.
Definition 2.6 (Boriceanu [9] ). Let (X, d) be a b-metric space. Then a sequence {x n } in X is called: Let (X, d) be a b-metric space, denote CB(X) be the collection of nonempty closed bounded subsets of X and by CL(X) the class of all nonempty closed subsets of X. For x ∈ X and A, B ∈ CL(X), we define
Then the generalized Hausdorff b-metric H on CL(X) inducted by d is defined as
We cite the following lemmas from Czerwik [15, 16, 17] and Singh et al. [30] .
Lemma 2.7. Let (X, d) be a b-metric space. For any A, B, C ∈ CL(X) and any x, y ∈ X, we have the following:
Lemma 2.8. Let (X, d) be a b-metric space. For A ∈ CL(X) and x ∈ X, then we have
where A denotes the closure of the set A.
Let Ψ b be a set of strictly increasing functions in b-metric space,
s n ψ n (t) < +∞ for each t > 0, where ψ n is n-th iterate of ψ. It is known that for each ψ ∈ Ψ b , we have ψ(t) < t for all t > 0 and ψ(0) = 0 for t = 0.
Now we introduce a notion of fuzzy set, fuzzy mappings and α-fuzzy fixed point in b-metic space.
Let (X, d) be a b-metric space. A fuzzy set in X is a function with domain X and values in [0, 1]. Let F(X) stands for the collection of all fuzzy sets in X, then the function value A(x) is called the grade of membership of x in A. If X is endowed with a topology, for α ∈ [0, 1], the α-level set of A is denoted by [A] α and is defined as follows:
[
where B denotes the closure of B in X. For A, B ∈ F(X), a fuzzy set A is said to be more accurate than a fuzzy set B (denoted by A ⊂ B) if and only if Ax ≤ Bx for each x in X, where A(x) and B(x) denote the membership function of A and B, respectively. Now, for x ∈ X, A, B ∈ F(X), 
α-fuzzy fixed point in b-metric spaces
In this section, we state and prove the existence result of an α-fuzzy fixed point theorem for a fuzzy mapping in the framework of a b-metric space as follows.
is a nonempty closed subsets of X for all x ∈ X and ψ ∈ Ψ b , such that
for all x, y ∈ X. Then T has an α-fuzzy fixed point.
Proof. Let x 0 be an arbitrary point in X. Suppose that there exists
, so x 1 is an α-fuzzy fixed point of T . Hence, the proof is completed. Thus, throughout the proof, we assume that x 0 = x 1 and
where r > 1 is a real number. Since, [T x 1 ] α(x 1 ) is a nonempty closed subsets of X. Suppose that there exists
is a nonempty closed subsets of X. We assume that
) > 0, by condition (3.1) and ψ ∈ Ψ b , we also have
Suppose that there exists
By induction, we can construct the sequence {x n } in X. Such that
for all n ∈ N. For m, n ∈ N with m > n, we have
Since ψ ∈ Ψ b , we know that the series ∞ i=0 s i ψ i (rd(x 0 , x 1 )) converges. So {x n } is a Cauchy sequence in X. By the completeness of X, there exists x * ∈ X such that lim n→∞ x n = x * . Now we claim that x * ∈ [T x * ] α(x * ) . By condition (b3) of b-metric space, we have
Letting n → ∞, and
. Therefore, x * is α-fuzzy fixed point of T . This completes the proof.
By substituting ψ(t) = ct where c ∈ (0, 1), in Theorem 3.1, we get the following.
is a nonempty closed subsets of X, for all x ∈ X such that
for all x, y ∈ X, where 0 < k < 1. Assume that k < [20] Let (X, d) be a complete metric space, T be a fuzzy mapping from X to F(X) and α : X → (0, 1] be a mapping such that [T x] α(x) is a nonempty closed bounded subsets of X, for all x ∈ X such that
for all x, y ∈ X, where 0 ≤ k < 1, then T has an α-fuzzy fixed point.
Next, we give some examples to support the validity of our result.
Example 3.5. Let X = {0, 1, 2} and define metric d :
0 , x = y 1 6 , x = y and x, y ∈ {0, 1} 1 2 , x = y and x, y ∈ {0, 2}
1 , x = y and x, y ∈ {1, 2}.
It is easy to see that (X, d) is a complete b-metric space with coefficient s = 3 2 , which the ordinary triangle inequality does not hold. Define fuzzy mapping T : X → F(X) by
Define α : X → (0, 1] by α(x) = 1 2 for all x ∈ X. Now we obtain that
For x, y ∈ X, we get
and
for all x, y ∈ X. Therefore all conditions of Theorem 3.1 hold and there exists a point 0 ∈ X such that 0
is an α-fuzzy fixed point of T . Therefore, Corollary 3.4 and the results of fuzzy mappings in metric space cannot be applied for this example. 
. We observe that Here, we study some relation of multivalued mappings and fuzzy mappings. Indeed, we indicate that Corollary 3.2 can be utilized to derive fixed point for mutivalued mapping. for all x, y ∈ X, where 0 < k < 1. Assume that k < 1 s , then there exists u ∈ X such that u ∈ Su. Proof. Let α : X → (0, 1] be an arbitrary mapping and T : X → F(X) defined by
By a routine calculation, we obtain that
Now condition (3.4) become condition (3.1). Therefore, Corollary 3.2 can be applied to obtain u ∈ X such that u ∈ [T u] α(u) = Su. This implies that multivalued mapping S have a fixed point. This completes the proof.
Corollary 3.8.
[17] Let (X, d) be a complete b-metric space (with coefficient s ≥ 1) and S : X → CB(X) be multivalued mapping such that H(Sx, Sy) ≤ kd(x, y), (3.5) for all x, y ∈ X, where 0 < k < 1. Assume that k < 1 s , then there exists u ∈ X such that u ∈ Su.
Remark 3.9. If we set s = 1 in Corollary 3.8 (it corresponds to the case of metric spaces), we find theorem of Nadler [24] . Hence, Corollary 3.8 is an extension of the result of Nadler [24] .
Corollary 3.10.
[24] Let (X, d) be a complete metric space and S : X → CB(X) be multivalued mapping such that H(Sx, Sy) ≤ kd(x, y), (3.6) for all x, y ∈ X, where 0 < k < 1. Then there exists u ∈ X such that u ∈ Su.
Conclusions
In the present work we introduced a new concept of fuzzy mappings in complete b-metric spaces. Also, we derived the existence of α-fuzzy fixed point theorems for fuzzy mappings in complete b-metric space and we also give illustrative examples to support our main result, showing that while existing results in usual metric space and ordinary metric space are not applicable, our result is. Finally, we showed some relation of multivalued mappings and fuzzy mappings, which can be utilized to derive fixed point for multivalued mappings.
